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Classical and Semiclassical
Light-Matter Interactions






Chapter 1

Classical Atom-Field Interactions

We will now model the interaction between light and atoms, using a classical model of the atom. This will
allow us to treat a variety of phenomena from the refractive index of atomic vapors to the conductivity of
metals to laser cooling and trapping of atoms.
We will model the atom as a classical harmonic oscillator, an electron bound to the nucleus by a
harmonic force (linear spring):
mx + mwex = 0. (1.1)

Here, x represents the average position of the electron, since quantum-mechanically, the electron is not
localized, and wy is the resonant frequency of the harmonic potential. The above equation is also in center-
of-mass coordinates, so that we can ignore the motion of the nucleus. Thus, m is the reduced mass of the
electron, given by

MeMMn

m=—, (1.2)
Me + My

where m, is the electron mass, and m,, is the nuclear mass. Generally me < my, so

m a me (1—me>, (1.3)

mn

and generally, it is a good approximation to use m ~ me.

Why use a classical calculation, when an atom is a manifestly quantum-mechanical object? It turns out
that the classical calculation gets many phenomena correct, and these results can be justified by quantum
calculations. Essentially, the classical calculation is good for weak atomic excitations, when the harmonic
potential, the lowest-order approximation to an arbitrary potential, is an accurate model. (It is even a good
approximation to treat the quantum electromagnetic field classically as long as many photons are present,
since the field turns out to be a set of harmonic oscillators, which are “not very quantum-mechanical.” Then
our requirement of weak excitation of the atom implies an atom—field coupling that is in some sense very
weak; we will see that this is true when discussing the atomic cross section in Section 1.2.1.) In particular,
the classical model does not predict any saturation effects, and as we will see, it requires a bit of patching
to make it quantitatively correct, even in the limit of small intensity.

1.1 Polarizability

We will now consider the interaction of the atom with a monochromatic field of the form

EM) (1) = eESH et

)
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where ¢ is the unit polarization vector. Here, we are using the complex notation for the field, where we
separate according to the positive- and negative-frequency components:

E(r,t) = E(r) cos(wt + ¢)
= (r)?e‘i“’t + E(r)?em (1.5)
= ED (r)e™ ™t + B (r)e™?,
Recall that we are defining E() to go with e¥™*  since by convention e~** corresponds to the positive
frequency w and e™*t = e~“=9)t corresponds to the negative frequency (—w). The physical field is just the

sum of the positive- and negative-frequency parts. But notice that these parts are complex conjugates, as is
required to get a real (physical) field. Thus, we can always write the physical field as E (+) with its conjugate:

E(r,t) = E® (r)e ™ + c.c. = 2Re {E<+>(r)e—iwt} . (1.6)

Of course, we apply this notation to all other quantities driven by the field, such as the displacement of the
electron that we consider below. Mathematically, it is simpler to keep only one part of the solution, but to
obtain the physical result, you always need to add the complex conjugate (assuming that all the calculations
are linear). Note that classically, this decomposition arises as a mathematical convenience. As we will see
much later, in the quantum treatment of the field this decomposition is more fundamental and significant,
since the two components will play the roles of photon creation and annihilation operators.

In writing down the expression (1.4), we are making the dipole approximation: we are assuming
that the size of the atom is much smaller than the optical wavelength, so that the electron only sees the field
at the nuclear position. Thus, we need not consider the spatial dependence or propagation direction of the
field. The force on the electron due to the field is

FH) = —eE™), (1.7)

where e is the fundamental charge, the magnitude of the electron charge (so that the electron charge is

—e).

Then the equation of motion for the electron becomes
mx ) 4+ mwlx) = —éeE(()He_m. (1.8)

We need only worry about the electron motion in the direction of the electric field; we will ignore any motion
except that induced by the field, as we will justify when considering the damped version of the harmonic
oscillator.

We will now make the ansatz that the solution has the same time dependence as the field:

xH () = é:v((f)e*i”t. (1.9)
With this solution, Eq. (1.8) becomes
— mwzx((;r) + mwozx((;r) = —eE,ng), (1.10)

which we can solve for xéﬂ to obtain the solution

(+) _ eEé+)/m

T .
0 2 _ 2

(1.11)

w

Again, we are breaking the electron displacement into its positive and negative components z(t) = z(*) () +
(1)
x .
The dipole moment of the atom is
dH) = —ex(H), (1.12)
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where x = éx. Since the dipole moment is induced by the field (the electron displacement is zero in
equilibrium), we can define the polarizability « to describe how easily the field induces the dipole moment
by

(1.13)

(+) — (+)
d = a(w)E. (polarizability definition)

From Egs. (1.11) and (1.12), we can write the polarizability as

alw) = e?/m (1.14)

T ow@ —w? (classical polarizability)
The polarizability completely characterizes the response of the atom to the applied field. Of course, this
is the frequency-space response function, which we have obtained via an implicit Fourier transform of the
applied field.

1.1.1 Connection to Dielectric Media

Recall that the polarization density P is the dipole moment per unit volume. Thus, for an atomic vapor of
number density N,

Ne2/m
€3

P = NdP) = Na(w)EH) =
wi — w?

ESPeivt, (1.15)
This expression is valid for a rarefied medium, where the interactions between the atoms are negligible.
In dense media, correlations between dipoles cause deviations from these results. We can thus write the
susceptibility for the vapor as

() = Ne? /meg (1.16)
WSS wé —w?’ (classical susceptibility)

in view of the defining relation P = ¢yxE. Keeping the polarizability as the fundamental microscopic
quantity, we can of course also write
N (1.17)

xX(w) = ga(w) (susceptibility—polarizability relation)

for the susceptibility of a vapor of number density N in terms of the polarizability.

1.2 Damping: Lorentz Model

A better model of the atom is a damped harmonic oscillator. This improved model is known as the Lorentz
model of the atom, and the equation of motion is

(1.18)

mx) + myx™) 4 mudx® = —éeE(()'He*i‘*’t. (Lorentz model)

The damping (“friction”) term models radiation reaction due to the charge acceleration (the classical analogue
of spontaneous emission) and collisions with other atoms. A quantum-mechanical calculation shows that for
an isolated atom, the damping rate is the same as the Einstein A coefficient (spontaneous emission rate):
v = Aa1.

Again, we assume a solution of the form x(*)(t) = éx
solution is

éﬂe*i“’t. Following the method above, the

E(JF)
x((;r) = 260—/m (1.19)

2 1 e
w* —wy 1w

Now the displacement is complex, reflecting a phase lag of the displacement behind the field, with phase

angle
§ = tan~? <ﬁ) (1.20)
2 —
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The phase lag approaches zero for w < wp and 7 for w > wp (§ = 7/2 exactly on resonance). Then for this
case, the polarizability becomes

o) = A (1.21)

A= wg —w? —iyw’ (polarizability with damping)
The susceptibility likewise becomes

() = Ne? /meg (1.22)

A= wé —w? —iyw’ (susceptibility with damping)

It is worth reiterating here that o and x are complex quantities defined for the positive-rotating fields via
d) = a(w)EM and P = ¢gxE() | and therefore must be treated appropriately.
If x is small (as for a dilute vapor), the complex refractive index is

_ x(w) Ne? (W@ —w?) _ Ne? yw
=+/1 ~1 =1 . 1.23
7(w) +x(w) + 2 * 2mep (wg — w?)? + y2w? + Z2meo (wg — w?)? + 7y2w? ( )

The real and imaginary parts of the complex index have distinct interpretations. Recall that a plane wave
propages with a phase factor according to

E(z) = Epexp(ikz) = Eyexp(inkoz) = Fgexp(iRe[n)koz) exp(—Im[7]koz), (1.24)

and so we can define the phase index and absorption coefficient respectively as

n(w) := Re[n(w)] (1.25)
a(w) := 2koIm[fi(w)] (phase index and absorption coefficient)

where k is the wave number in the medium and kg is the vacuum wave number, so that n(w) represents the
phase shift of the propagating wave, while a(w) represents attenuation of the field due to absorption. Note
that the absorption coefficient is defined such that

dl
d_ = _GI — I(Z) = Ioe_az7 (126)
z

which explains the factors of 2 and ky. We can thus read off the phase index as the real part,

Ne? (wg —w?) (1.27)
2mep (w@ — w?)? + y2w?’ (classical refractive index)

while the (intensity) absorption coefficient becomes

N Ne2w? ¥

a(w)

meoe (wg — w?)? + y2w?’
(classical absorption coefficient) (1.28)
The region where significant absorption occurs for small detunings of the field from the atomic resonance,

lw — wo| < wp. Then

wé — w? = (wo — w)(wo + w) = 2w(wy — w). (1.29)

This is effectively equivalent to the rotating-wave approxrimation in quantum optics. With this approximation,
the phase index and absorption become

Ne? (wg—w)/2w
2mep (wo — w)? + (7/2)? (1.30)
Ne2 (7/2)2 (Lorentzian absorption profile)

megcy (wo — w)? + (7/2)%°

n(w)~1+

a(w) =
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Thus, we recover the Lorentzian absorption profile (hence the name) with full width at half maximum ~ and
resonant absorption coefficient ag = a(0) = Ne?/megcy. Also, we see that in the same regime,

2(wp —w) [ Ne*w (v/2)? _ 2(wo — w)
gl 2megy (wo —w)? + (7/2)? g

Tm[fi(w)], (1.31)

n—1=

as required by the Kramers—Kronig relations (Section 14.1.4.2).

A

This gives the dispersive form for the phase index, as shown here.
In general, we can have atoms with multiple electrons that we need to sum over. Then the polarizability
and susceptibility become

o)=Y & Ju
— m (wip —w? — ivjw) (1.32)
Ne2 fos (corrected response functions)

X(W) - Z meg (w2

0 — w? _iVJW).

Here, fo; is the absorption oscillator strength, which acts as a weighting factor for each electron, or possibly
something like a probability for an electron to behave as different possible harmonic oscillators. The quantum-
mechanical (and correct) interpretation of these expressions is that each term in the sum represents a
transition from the ground level 0 to excited level j. The oscillator strength can only be obtained from a
quantum calculation, and is necessary to make the classical calculation quantitatively correct. Because of
the quantitative importance of this factor, we will explore it in more detail.

1.2.1 Oscillator Strength

Since the absorption coefficient scales as the susceptibility and thus the oscillator strength (for a dilute gas),
the oscillator strength also scales with the cross section. On resonance, the cross section for absorption is
defined by

G(WQ) = U(WQ)N = O'QN. (133)

Thus, using Eq. (1.28), we can write the classical absorption cross section as

e2w? vy e? (1.34)

WO_ megcy” (classical cross section)

Uclassical(wO) = meoc (w02 _ w2)2 + ’)/2602
w=

This cross section is not quantitatively correct, as the correct quantum-mechanical expression for the cross
section for the transition to level j [see Eq. (3.21)] is

Ao 2me? (1.35)

o0; = 0j(wo) = o w? (quantum cross section)
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Note that this cross section assumes an orientational average (and thus a factor of 1/3) that is generally
appropriate for our purposes. We can then define the absorption oscillator strength to be the “fudge factor”
to fix the classical cross section:

For m o0 _ 2meomecdy; (1.36)
07 00, classical e2wj20 ' (oscillator strength)
We can also write the cross section as )
e
o0; = foj m— (1.37)
b

which will be useful later. More commonly, the absorption oscillator strength is defined to include the
degeneracy of the level structure,’
B 2meomey; g;

- 1.38
fOJ 62(*)]'20 9% ’ ( )

where g, is the degeneracy of level « (i.e., the number of ways to have energy F,, ), with a separate expression
defined for the emission oscillator strength fo; (which just flips the degeneracy ratio).
Also, in the limit of large frequency, the susceptibility of Egs. (1.32) becomes

2
x(w) — — —m]ZSMQ Zij. (1.39)

In this limit, the induced electron displacements are small, and thus the damping and harmonic-potential
forces are not important. We thus expect to recover the behavior of the free-electron plasma in the high-
frequency limit (i.e., the conductor without damping). This corresponds to Eq. (1.16) in the limit wy — 0,
since the electrons are not bound. Thus, we can write

Vo) = — Y& (1.40)

megw?

Comparing these two expressions for the susceptibility, we find the Thomas—Reiche—Kuhn sum rule for

the oscillator strength:
S oy =1 (1.41)
— /07 ' (Thomas—Reiche-Kuhn sum rule)
J

Since fp; > 0, the sum rule tells us that fo; < 1. The interpretation is that the classical cross section
represents the mazimum possible cross section, which turns out to be distributed over all the possible transi-
tions from the ground level. Note that transitions to unbound (ionized) states are also included in this sum,
making it difficult to verify this with atomic transition data.?

1.3 Dipole Radiation

The electric and magnetic fields for an oscillating dipole are?

1 d () dD(ty) 1 dH)(t,)
E®) (r t) = 2. P — & r r 2 ) — & r
(r,t) = [3(é-7)F s]{ 3 + = ]+47T€0 g-7)F — €] =
d(+)(t ) d'(+>(t )
HO (1, ) = = (& x ¢ i i
0 = e x )| 4 2]

(dipole radiation fields) (1.42)

LAlan Corney, Atomic and Laser Spectroscopy (Oxford, 1987).

2See Peter W. Milonni and Joseph H. Eberly, Lasers (Wiley, 1988), p. 239.

3See J. D. Jackson, Classical Electrodynamics, 2nd ed. (Wiley, 1975), p. 395 or Peter W. Milonni and Joseph H. Eberly,
Lasers (Wiley, 1988), p. 44.



1.3 DIPOLE RADIATION 27

where t, = t —r/c is the retarded time, and £ is the polarization unit vector of the applied field (and thus the
dipole orientation vector). Only the 1/r terms actually transport energy to infinity (i.e., they correspond to
radiation), so we can drop the rest to obtain

1 d) (¢,
EH)(r,t) ~ (6-7)F — €] )
4.7TEOC2 T (143)
1 d ) (t,)
(+) ~ A A T
H™) (xr, 1) —47rc(a X 1) r—

The energy transport is governed by the Poynting vector, which we can write as

(8) =EM x H) 4 cec.

1 d))2
:m| r2| [(8-7)F —&] x (" x ) +cc. (1.44)
0
7 |d())2 o
B 16m2egcd 12 (1 — 7€l ) +c.c.,

where we have used
[(é-f)f—é]x(é*xf):(1—|f~é2)f (1.45)

for the angular dependence.
There are two main possibilities for the polarization vector: the incident light can be linearly or
circularly polarized.

1. Linear polarization (¢ = 2): 1 — |- é|2 = sin?@. This is the usual “doughnut-shaped” radiation
pattern for an oscillating dipole.
2. Circular polarization (¢ = &4 := T(& +9)/v2): 1 —|f-£]> = (1 + cos2)/2. This is a “peanut-
shaped” radiation pattern for a rotating dipole.
Here, 0 is the angle from the z-axis, while ¢ is the angle around the azimuth. Note that any arbitrary polar-

ization can be represented as a superposition of these three basis vectors. The (intensity /power) radiation
patterns for the linear and circular dipole cases are shown here.

AR

circular dipole

linear
dipole
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The three-dimensional distributions are generated by sweeping these patterns around the z-axis.

The corresponding electric fields for the dipole radiation are polarized. From Eq. (1.43), we can see
that the polarization vector is proportional to (£-7)7 —£. For linear polarization (& = 2), this factor turns out
to be sin # , while for circular polarization (6 = &1 = F(& +i§)/V/2), the polarization vector is proportional
to (cos 00 T ig)eTi?/\/2.

Now let’s define the angular-distribution function via

fe(8,9) == 3 (1 —|7- 5|2) _ (1.46)

8 (radiative angular distribution)

For linear and circular polarization, this takes the form

8 (1.47)

f+(6,0) = % [1 + 0052(9)} .

This function has the nice property that it is normalized, and thus represents a probability distribution for
photon emission in quantum mechanics:

/fg(@, ) dQY = 1. (1.48)
Here, dQ) = sin 0 df d¢ is the usual solid-angle element.
Now we can write the Poynting vector in terms of the angular-distribution function as

7 j(4+))2
P 0, ). (1.49)

(S) =

3meged 1

The power radiated per unit solid angle is then

dPrad 2 ~ |d(+) |2
=7rS) -7 = — f(0 1.50
dQ r < > r 37TEOC3 € Y ¢)7 ( )
and the total radiated power is
dPr.q |d'(+)|2 62|i(+)|2
Paga = [ dQ = = . 1.51
d / dQ 3meocd 3mepcd ( )

Of course, the incident intensity is contained implicitly in the electron acceleration Z.

1.3.1 Damping Coefficient

Now we can connect the radiated power to the damping term in the Lorentz model,* Eq. (1.8). Note that
the radiated power in Eq. (1.51) is the time-averaged power, since we used the complex representation. In
terms of the real displacement, we can make the replacement

..2
)2 — —<$2 3 (1.52)

where the angle brackets denote the time average. Then the average work done by radiation reaction must
balance the energy emitted into the field:

z t o2 t ,
Frr-dx’:/ E, &t dt’:——/ )% dt’
/10 t (#) e to( )

& ¢ ¢
Plo— / Fidt | .
t() to

2
= — 3 Tx
6mege

4This argument follows Alan Corney, Atomic and Laser Spectroscopy (Oxford, 1987), p. 230.

(1.53)
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Here F,, refers to the radiation-reaction force. If we pick ¢t —tg to be an integer multiple of the optical period,
the boundary term vanishes (it is also negligible for large ¢t — tp). Then the radiation-reaction force is

e2

F,=——x.
6mepcd

(1.54)
This is, in fact, the Abraham—Lorentz model of radiation reaction, which has problems involving un-
physical runaway solutions.®> We can avoid such problems by going back to the complex representation and
noting that the displacement is a harmonic function, so we can make the approximation

2 292
FO) — _C () o W0 () 1.55
" 6megc? X 6megc? 0 ( )

which assumes the atom is driven close to resonance. If we define

_ o (1.56)
= 6mmegcd’ (classical damping rate)

then we recover the damping term in the harmonic oscillator:
F(H = —myx™), (1.57)

Note that the oscillator is highly underdamped here, since Eq. (1.56) can be written as v/wg = (47/3)re/A,
where 7. ~ 2.8 x 107! m is the classical electron radius and X is the optical wavelength. For example,
122 nm is the lowest-lying hydrogen line, which gives «/wo ~ 1077, For real quantum transitions, this ratio
is slightly smaller (due to the addition of the oscillator strength as we mention below), on the order of 1078.

We now have the classical result for the spontaneous emission rate, which isn’t quite correct. Again,
we can patch this with the substitution e?/m — (e?/m) fo;, with the result

 wgifos (1.58)
T Srmed (quantum damping rate)

This is consistent with Eq. (1.36) if we take og; = 3A%, /27 (i.e., no orientational average for the dipole).
Again, there are some subtleties here regarding the cross sections and orientational averages that are better
handled by angular-momentum algebra.

1.4 Atom Optics: Mechanical Effects of Light on Atoms

Now we will have a brief look at the field of atom optics, or optics with matter (de Broglie) waves. We
will only be looking here at how to trap and cool atoms with laser light using the classical Lorentz model of
the atom, so in a sense we will be doing “geometrical atom optics.”

Broadly speaking, there are two types of mechanical forces that light can have on atoms.® The first,
the dipole force, is related to the potential energy of the induced dipole in the electric field, and is thus
related to the real part of a(w) [see Eq. (1.66)]. The second is radiation pressure due to absorption and
rescattering of the incident light, which is thus related to the imaginary part of a(w) [see Eq. (1.85)].

5See David J. Griffiths, Introduction to Electrodynamics, 2nd ed. (Prentice-Hall, 1989), p. 434, and J. D. Jackson, Classical
Electrodynamics, 2nd ed. (Wiley, 1975), Chapter 17, p. 780.

6Strictly speaking, this decomposition into two forces is only true for scalar atoms—atoms with no orientation. This is
appropriate for the form of the polarizability we have assumed here, but in the case of atoms with nonvanishing vector or tensor
polarizabilities, as in Eq. (7.471), other forces associated with polarization gradients arise. See, for example, G. Nienhuis, P.
van der Straten, and S-Q. Shang, Physical Review A 44, 462 (1991) (doi: 10.1103/PhysRevA.44.462 ).
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1.4.1 Dipole Force

The dipole moment of the atom is induced by the external field, so we can write the potential energy of the

induced dipole (with d = oE) as
d-E dE
Vdipolc = - T = - T (159)

The extra factor of 1/2 compared to the usual dipole energy is because the dipole is induced, and thus

E E 1
Viipole = —/ (d)dE = —/ aEdE = —EOZEQ. (1.60)
0 0

Since we found the solution for the positive-frequency component of the field, we should write out the
potential in terms of the same components:

Vitipole = — % (d<+> + dH) : (E<+> + EH) . (1.61)

Noting that
d(:l:) ~ e$iwt, E(:I:) ~ eq:iwt, (1.62)

we can see that the terms of the form
d@) . E&E) o gTFi2wt (1.63)

rotate at twice the optical frequency, which is too fast for the atoms to respond mechanically. So we will
drop these terms in the time average (the same average that leads to the intensity). The terms of the form

d®) . E® ~1 (1.64)

are dc, so we can keep these. Thus,

1 1
Vaipole = — 5d(+) .EC) — 5d(—) CEM)

__1 {a(w)Em} g _1 [a(w)EH} B
2 , 2 (1.65)
= —Refa(w)] ’E(”’
o
= —ERe[a(w)]I(r).
and in terms of the intensity,
(1.66)

Vaipole = =2 Re[a(w)]I(x).

2 (dipole potential)

Here, 79 is the vacuum wave impedance

N I N (1.67)
= € = €c ST, (wave impedance of vacuum)

and we are regarding the electric-field envelope E(T)(r) to be a slowly varying function of position. Recall
that the intensity in vacuum is given in terms of the real and complex field amplitudes Ey and E(()Jr) by

(1.68)

_ 2 _ (+)2
I'=1Bol*/2n0 = 2|Eo""["/mo- (intensity related to field amplitude)

Putting in the explicit form for the polarizability, we can write the dipole potential as

2 2 2
—e Wy —w

I(r). (1.69)

Vdipole =
PO 2mege (wd — w?)? + y2w?
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Thus, the atom sees a spatial potential proportional to I(r) and to (n — 1). This potential-shift effect
(also known as the ac Stark shift) is the atomic counterpart of the phase shift (due to n — 1) of a beam
propagating through a vapor. Both effects follow from the coupling of the field to the atom.

The corresponding force is given by the potential gradient

Fdipolc = _vvdipolc X VI(I') (170)

Thus, the dipole force responds to intensity gradients. If the dipole is viewed as two slightly separated,
opposite charges, there is only a net force if the two charges see a different electric field, which is only
possible in the ideal dipole limit if the field has a gradient.

The sign of the dipole potential is set solely by the detuning of the field from the atomic resonance.
Defining the detuning A := w — wp, we can write the dipole potential as

e? (wo +w)A
2meoc [(wo + w)AJ? + y2w?

Vaipole = I(r). (1.71)
Everything in this expression is positive except for the factor of A in the numerator. Thus, for positive A
(w > wo, or blue detuning), Vaipole > 0, while for negative A (w < wy, or red detuning), Vaipole < 0. That is,
a bright spot in space (e.g., due to a tightly focused Gaussian beam) will repel an atom for blue detunings,
forming a potential barrier, while for red detunings, the spot attracts atoms and forms a potential well.

The sign dependence of Vgipole makes sense in terms of the phase lag (1.20). Recall that for small
frequencies (A < 0), the phase lag of the dipole behind the field is smaller than /2, while for large
frequencies (A > 0), the phase lag is between 7/2 and 7. Since Vgipole  —d - E, the phase lag is important
because then d and E are mostly aligned or mostly opposed for A < 0 and A > 0, respectively. Thus,
Vdipolc 2 0 for A 2 0.

1.4.1.1 Dipole Potential: Standard Form

By writing the dipole potential in a more standard form, we can see that it matches the result of a quantum
calculation, at least in the limit of low intensity. To do this, we first need to patch the classical result of
Eq. (1.69) as before by including the oscillator strength and summing over all transitions:

2 2
e? fos Yo ¥ (1.72)
Vaipole = Z 2mepc (w3 — w?)? + 73.2(,02 I(r). (corrected dipole potential)

Now to put this in more standard form, we need to define the saturation intensity for the atom. When we
encounter rate equations in the next chapter, we will see that it is sensible to define an intensity scale known
as the saturation intensity, given by

fwsoy (1.73)
200 (saturation intensity)

Isot i =

(The damping rate v here will correspond to the Einstein A coefficient in the rate-equation treatment.)
Briefly, the saturation intensity is relevant here in that this classical model is valid—that is, it agrees with
quantum predictions—if either the driving intensity is small (I < Igat) or the detuning from any resonance
is large (Jw — wjo| > ~;). For the maximum possible resonant cross section of o9 = 3A?/27 (where there
is no average over the dipole orientation), the saturation intensity is Iy = 1.10 mW /cm? for 133Cs on
the Dy transition (852 nm), while for 8’Rb on the same transition (780 nm), the saturation intensity is
Lot = 1.67 mW /em?. We can also write the saturation intensity in terms of the oscillator strength by using
Eq. (1.37), with the result

I hwojmeocvjz

sat,j = Tf{)j
Even though the above numerical values are often quoted for the saturation intensity, this is actually a
context-dependent quantity. A safe but cumbersome approach is to use the quantum-mechanical formalism
for angular momentum to directly calculate the cross section and thus saturation intensity.”

(1.74)

"Daniel A. Steck, “Cesium D Line Data,” 2003. Available online at http://steck.us/alkalidata.
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Using Eq. (1.74), we can write the dipole potential (1.72) as

Vi =~ S 108 whou? 1)
dipole 4 (wjzo — w2)2 T ’7]2-&)2 Isat)j o

J

(quantum dipole potential, small intensity) (1.75)

This is the general expression for any frequency, so long as the intensity is small. To simplify this, we can
look at the functional form far away from all resonances (|w;o — w| > ~; for all j) so that

hwjoy? 1 I(r
Vdipolc — Z ] ( )

74 (WP wh) D (1.76)
B Z hlf ( 1 ) I(r) (far off resonance)
; 5 8 \w—wjo w+wjo/) Latj

The first term in the parentheses is the inverse of the detuning, and represents the Stark shift due to the
atomic resonances. The second term can be interpreted as the weak, additional Stark shift due to resonances
at the corresponding negative frequencies. This secondary shift is always negative (like a red detuning), and
accounts for part of the Bloch—Siegert shift (Section 5.9), as well as other effects such as the Lamb shift
(Section 13.12) and the Casimir—Polder effect (Chapters 13-14). Note that this expression also recovers
the dc Stark shift (or equivalently, the dc polarizability up to some universal factor) when w = 0, when both
terms contribute equal, negative energy shifts.

If one resonance is dominant (that is, the laser is tuned far away from resonance, but much closer to
one than all the others), then we can make the rotating-wave approximation and neglect the second term in
the parentheses of Eq. (1.76) to obtain
hy? I(r) (1.77)
8A Lt (far off single dominant resonance)

Vdipolc -

where again A = w — wy is the detuning from resonance. Note that for a far-detuned, linearly polarized laser
creating this potential, it turns out that o9 = A\§/2 is the appropriate resonant cross section, so the above
saturation intensity values should be multiplied by 3 before being used in this formula.

Typically, a focused, red-detuned, Gaussian laser beam is used to make a dipole trap or far-off
resonance trap (FORT)® for atoms via the dipole force.” Below is an example image of about 10° 37Rb
atoms confined in a dipole trap formed by a 10 W, 1090 nm Gaussian laser beam (far below the 780 and
794 nm main resonances) focused to a 31 um beam waist (1/e? radius), implying a Rayleigh length (depth
of focus along the beam direction) of 2.8 mm.

The dipole trap clearly runs from left to right with a slight downward angle; the dimensions of the image
are 270 x 29 CCD pixels (6.59 x 0.71 mm). This is an absorption image, where the shadow cast by the
atoms in a brief, resonant laser probe is imaged and recorded on a CCD camera. (The image greyscale is
inverted so the atoms appear bright rather than dark.)

But now the important question to address is under what conditions the trap is stable, since as the
atom scatters photons, it heats up until it boils out of the trap. So we will need to take a closer look at