
Chapter 2
On the Problem of van der Waals Forces
in Dielectric Media

Lev P. Pitaevskii

Abstract A short review of the problems which arise in the generalization of the
Lifshitz theory of van der Waals force in the case of forces inside dielectric media
is presented, together with some historical remarks. General properties of the stress
tensor of equilibrium electromagnetic field in media are discussed, and the
importance of the conditions of mechanical equilibrium is stressed. The physical
meaning of the repulsive van der Waals interaction between bodies immersed in a
liquid is discussed.

2.1 Introduction

The quantum theory of the long range van der Waals interaction between neutral
objects has a long and instructive history [1]. The existence of attractive forces
between atoms was established by van der Waals on the basis of analysis of
experimental data on equations of state of real gases.

It was F. London who understood the electric nature of these forces and built in
1930 a seminal quantum-mechanical theory of the forces at large distances,
deriving the famous 1=R6 law for the energy of interaction [2].

The next important step was performed by Casimir and Polder. Using quantum
electrodynamics, they derived a more general expression for the energy of the
atom-atom interaction and showed that, due to retardation effects, London’s law at
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large distances is changed to a 1=R7 law [3]. In the same paper the authors
considered for the first time the problem of including a macroscopic body. They
calculated a force between an atom and perfect metal plate. The interaction
between perfect metal plates was calculated by Casimir [4].

The most general theory of the van der Waals interaction between any con-
densed bodies was developed by E. Lifshitz in 1954–1955 [5, 6]. His theory is
applicable to a body with arbitrary dielectric properties at any temperature. It also
automatically takes into account relativistic retardation effects. To calculate forces
one must know the dielectric and magnetic permeabilities of the bodies and solve
the Maxwell equations for their given configuration.

It was assumed in the Lifshitz theory (as well as in previous theories) that the
space between the bodies was a vacuum. A generalization of the theory where the
gap between bodies is filled with some medium was a natural next step. However,
to make this step one must overcome some essential difficulties. To clarify the
nature of these difficulties, let us recall the main points of the Lifshitz approach.
This approach is based on averaging of the Maxwell stress tensor in vacuum,

rðvacÞ
ik ¼ EiEk þ BiBk

4p
� E2 þ B2

8p
dik : ð2:1Þ

with respect to electromagnetic fluctuations in thermodynamic equilibrium.
Because the theory of equilibrium electromagnetic fluctuations in arbitrary

media was already developed by Rytov [7] and Landau and Lifshitz [8], the tensor
could be averaged for equilibrium conditions and the forces calculated.

The Rytov theory has a semi-phenomenological character. Rytov considered
the fluctuations as created by the Langevin-like sources, namely fluctuating
electric and magnetic polarizations. It was assumed that these polarizations at two
points r1 and r2 of a medium are correlated only when the two points coincide,
i.e., their correlation functions are proportional to dðr1 � r2Þ. The coefficients of
proportionality were chosen to obtain the correct density of black-body radiation
from the bodies. During preparation of the book [8], Landau and Lifshitz derived
equations of the Rytov theory using the exact fluctuation-dissipation theorem,
established by Callen and Welton in 1951.

It was natural to think that the generalization for the case of bodies separated by
a medium could be obtained if one could find a general expression for the elec-
tromagnetic stress tensor for arbitrary time-dependent fields in a medium. Because
the Rytov theory describes electromagnetic fluctuations also inside a medium, it
would then be possible to perform the average of the tensor. Thus the first step was
to calculate the tensor. Note that this problem was formulated in the book [8], and
Landau believed that it could be solved. One can read in the end of Sect. 61:

‘‘Considerable interest attaches to the determination of the (time) average stress
tensor giving the forces on matter in a variable electromagnetic field. The problem
is meaningful for both absorbing and non absorbing media, whereas that con-
cerning the internal energy can be proposed only if absorption is neglected. The
corresponding formulae, however, have not yet been derived.’’
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I had an opportunity to read proofs of the book when I joined the Landau
department in the Institute for Physical Problems in Moscow as a Ph.D. student in
1955. After reading this paragraph I decided to derive ‘‘the corresponding for-
mulae’’ for the tensor. It was, of course, a quite ambitious goal. After approxi-
mately three months of work I met Igor Dzyaloshinskii. Because the authors asked
both him and me to help in the proof-reading of Ref. [8], we naturally discussed
the topics of the book and I discovered that Dzyaloshinskii had also been working
on the tensor problem even longer than I. We decided to join our efforts.

Our attempts were based on the use of the second-order quantum mechanical
perturbation theory to calculate the quadratic contribution of the fields into the
tensor. One can obtain formal equations; however, for a medium with dissipation
we could not express them in terms of dielectric and magnetic permeabilities.
Oddly enough, one could easily obtain an equation for the total force acting on a
body in vacuum. However, trying to obtain from this equation the force density
inside the body, one necessarily violated the condition of the symmetry of the
stress tensor, or other conditions implied for the tensor. We also tried to develop a
thermodynamic approach. However, the entropy increase due to the dissipation
makes this approach meaningless.

We worked long enough and finally decided that the problem was hopeless. (In
any case it was my opinion.)

However, after a period of disappointment, I suddenly recognized that the
problem of the van der Waals forces for the case of a liquid film can be solved
without involving the general tensor problem. Because, as we will see below, these
considerations actually were not employed and never were published, I would like
to present them here.

Let us consider a liquid film of thickness d in vacuum. Its free energy per unit of
area can be presented in the form

FðT ; dÞ ¼ u0ðTÞd þFðelmÞðT; dÞ ð2:2Þ

where u0ðTÞ is the density of free energy for a bulk body and FðelmÞðT ; dÞ is the
contribution of the van der Waals forces, which can be normalized in such a way

that FðelmÞ ! 0 at d !1. The goal of the theory in this case is to calculate
FðelmÞðT ; dÞ. However, this quantity can be calculated on the basis of the Lifshitz
theory. Let us consider our film at the distance l from a half-space of the same
liquid (see Fig. 2.1). The theory permits the calculation of the force F(d,l) between
the film and the half-space and the change of the free energy when the film moves
from the surface of the bulk liquid to infinity:

DFðT; dÞ ¼
Z1

0

Fdl: ð2:3Þ

This quantity is just FðelmÞðT; dÞ. Indeed, if the film is near the surface of the
half space, the configuration corresponds to a bulk body. Actually, the integral
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(2.3) is divergent at small l. However, this infinite contribution does not depend on
d and can be omitted altogether with a d-independent constant.

We discussed the idea with Landau and he agreed with the argumentation. We
immediately began calculations of the force F for the three-boundary configuration
of Fig. 2.1. E. M. Lifshitz, who was interested in the film problem very much,
joined us. However, Landau cooled our ardor. He said that it is meaningless to
solve a three boundary problem to find an answer for a two-boundary one and that
the integration (2.3) must be performed in a general form, ‘‘in some symbolic
way’’ as he said.

As a result, Dzyaloshinskii and I began to look for a different approach, being
sure this time that the answer exists. It was a lucky coincidence that just in this
period Dzyaloshinskii, in collaboration with Abrikosov and Gorkov, worked on
developing the Matsubara diagram technique for the solution of equilibrium
problems in the quantum many-body theory. We decided to try this approach. The
first attempt was very successful. We immediately recognized which diagrams are
important. As an intermediate result we obtained an equation where the van der
Waals contribution to the free energy was expressed in terms of an integration with
respect to the charge of the electron. This equation was correct, but not very useful
because the dielectric permeability can, of course, be measured only for the actual
value of the charge. Finally, however, we discovered that in the Matsubara tech-
nique the variation of the free energy with respect to the dielectric permeability
can be expressed in terms of the Matsubara Green’s function of imaginary fre-
quency. This permitted us to calculate the tensor explicitly [9].

The reason why our previous attempts were in vain became clear now. One can
obtain the tensor of the equilibrium electromagnetic field in a medium, that is, the
tensor of van der Waals forces, but not the tensor of arbitrary electromagnetic
fields. The possibility to derive the tensor of the equilibrium fluctuation electro-
magnetic field in an absorbing medium does not mean, of course, the possibility to
determine the tensor for an arbitrary variable field. Even if this quantity has
physical meaning, according to the Landau conjecture quoted above, it does not
mean that it can be expressed in terms of the electric and magnetic permeabilities
eðxÞ and lðxÞ. I believe that this is impossible. In any case, the tensor, obtained by
direct calculation for a plasma, where the problem can be explicitly solved using
the Boltzmann kinetic equation, cannot be expressed in such a way [10].

Fig. 2.1 Scheme for
calculation of the chemical
potential of a film in terms of
the stress tensor in vacuum
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The difficulty, of course, is the energy dissipation. In a transparent medium, where
dissipation is absent, the tensor can be obtained for arbitrary non-equilibrium
fields [11].

Before discussing concrete results, let us discuss general properties of the stress
tensor in thermal equilibrium. It can be presented in the form

rik ¼ �P0ðT ; qÞdik þ rðelmÞ
ik ; ð2:4Þ

where P0ðT ; qÞ can be defined as the pressure of a uniform infinite liquid at given

density q and temperature T and rðelmÞ
ik is the contribution from the electromagnetic

fluctuations, i.e., the van der Waals interaction. This contribution must satisfy
several important conditions:

1. The tensor must be symmetric: rðelmÞ
ik ¼ rðelmÞ

ki :
2. The van der Waals part of the force, acting on the liquid, must be derivable

from a potential:

FðelmÞ
i ¼ okr

ðelmÞ
ik ¼ �qoif

ðelmÞ: ð2:5Þ

Actually fðelmÞ is just the contribution of the van der Waals interaction to the
chemical potential of the fluid. The first condition is a direct consequence of the
symmetry of the microscopic energy-momentum tensor. The tensor ð�rikÞ is its
averaged spatial part. Condition 2 ensures the possibility of mechanical equilib-
rium of the fluid in the presence of the van der Waals interaction. Indeed, the
condition for such an equilibrium is Fi ¼ okrik ¼ 0. Taking into account that
dP0 ¼ qdf0ðq; tÞ, we can rewrite this equation as

oif0 � FðelmÞ
i =q ¼ 0: ð2:6Þ

which implies (2.4) for arbitrary configurations of interactive bodies. Thus vio-
lation of the condition 2 would result in permanent flow of the liquid in equilib-
rium and actually would permit us to build the notorious Perpetual Motion
machine.

For an analogous reason, on the boundary between a fluid and a solid the
tangential components of the tensor must be continuous. This condition is satisfied
automatically by virtue of the boundary conditions for the fluctuating fields. If the

normal to the surface is directed along z, it must be the case that relmð1Þ
az ¼

relmð2Þ
az ; a ¼ x; y: Violation of this condition would result in the existence of per-

manent flow of the liquid near a solid boundary.
Equation (2.6) can be written as a condition of constancy of the total chemical

potential f:

fðq; TÞ ¼ f0ðq; tÞ þ fðelmÞðq; TÞ ¼ const: ð2:7Þ

Notice that, neglecting the change in density of the liquid under the influence of
the van der Waals forces, one can express this condition also as
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P0ðq; TÞ=qþ fðelmÞ ¼ const: ð2:8Þ

For calculations of the forces in the state of mechanical equilibrium one can
omit this part of the tensor and exclude the pressure, i.e., use instead of (2.4) the
tensor

r0ik ¼ rðelmÞ
ik þ qfðelmÞðT ; qÞdik: ð2:9Þ

Notice that the tensor r0ik by definition satisfies the equation

okr
0
ik ¼ 0: ð2:10Þ

This obvious property results sometimes in misunderstandings (Ref. [12]).

2.2 Free Energy of the Equilibrium Electromagnetic Field
in an Absorbing Medium

I present now a simplified version of our deviation of the force tensor in a liquid
obtained for the first time in [9]. It is sufficient to take into account only the
electromagnetic interaction in the system. Nuclear forces are obviously irrelevant
to our problem. Then the correction due to interaction to the free energy can be
presented in the Matsubara technique as a set of ‘‘ring’’ diagrams (see Fig. 2.2)
where the dashed lines represent the Matsubara Green’s functions of the electro-
magnetic field D0 without interaction [13]. Every ‘‘bead’’ is the polarization
operator P, which includes all diagrams which cannot be separated into parts,
connected by one dashed line. It is important that the diagrams of Fig. 2.2 cannot
be summed up into the exact Green’s function, because of the extra factor 1=n in
each term, where n is the number of the ’’beads’’.

Let us calculate now the variation of the free energy with respect to a small
change dP of the density of the liquid. The crucial point is that the factor 1=n will
be canceled as a result of the variation and the parts of the diagrams with the non-
variated beads will be summed up to the exact Green’s function. The result is

dF ¼ dF0 �
X1
s¼0

0
Z

Dikðr; r0; nsÞdPikðr; r0; nsÞdrdr0; ð2:11Þ

where ns ¼ 2spT and the term with s ¼ 0 is taken with a factor (1/2) [14]. This is
an exact equation of quantum electrodynamics. It is valid also in a vacuum, where

Fig. 2.2 Diagrammatic
representation of corrections
to the free energy
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P describes the radiation correction to D. However, it is practically worthless,
because explicit expressions for D and P cannot be obtained. It also contains
ultraviolet divergences. However, these divergences are due to contributions from
the short wave-length fluctuations, whereas we are interested in effects due to the
inhomogeneity of the medium. i.e., the presence of boundaries of bodies etc. This
permits us to produce a renormalization of this equation. To do this, let us write the
D-function as

Dikðr; r0; nsÞ ¼ Dikðr; r0; nsÞ � �Dikðr; r0; nsÞ½ � þ �Dikðr; r0; nsÞ; ð2:12Þ

where �Dikðr; r0; nsÞ is the Green’s function of an auxiliary homogeneous infinite
medium whose permeabilities are the same as that of the actual medium at the
point r0. After substitution into (2.11) the third term can be absorbed in the term
dF0. This term acquires the meaning of the variation of the free energy of this
uniform medium.

dF ¼ dF0 �
X1
s¼0

0
Z

Dikðr; r0; nsÞ � �Dikðr; r0; nsÞ½ �dPikðr; r0; nsÞdrdr0: ð2:13Þ

In (2.13) the important fluctuations are those whose wavelengths are of the
same order of magnitude as the inhomogeneities of the system (e.g., the thickness
of films and separations of bodies). These lengths are assumed to be large com-
pared to interatomic dimensions. However, these long-wavelength fluctuations can
be described by macroscopic electrodynamics. According to the general theory,
the Matsubara Green’s function Dikðr; r0; nsÞ ¼ DR

ikðr; r0; insÞ, where DR is the
‘‘usual’’ retarded Green’s function for the vector-potential of the electromagnetic
field. Accordingly, D satisfies in the macroscopic limit the explicit equation

oiol � dilDþ ðn2
s=c2Þeðijnsj; rÞdil

� �
Dikðr; r0; jnsjÞ ¼ �4p�hdikdðr� r0Þ: ð2:14Þ

The equation for �D can be obtained by changing in (2.14) the permeability
eðijnsj; rÞ to eðijnsj; r0Þ. However, in the majority of practical problems the
excluding of the divergences can be achieved simply by omitting terms which do
not depend on the spatial parameters, e.g., on the distances between bodies. Taking
this into account, and to avoid complications of the equations, we will denote in the
future the difference (2.12) as D. It is worth noting that the left-hand side of (2.14)
coincides with the Maxwell equations for the vector potential A of the electro-
magnetic field with the frequency ins in the gauge where the scalar potential / ¼ 0.
The final results of the theory do not depend, of course, on the gauge. The Green’s
function D0 satisfies the same (2.14) with e ¼ 1. Let us write (2.14) symbolically

as D̂�1D ¼ dildðr� r0Þ and the equation for D0 as D̂�1
0 D0 ¼ dildðr� r0Þ. Then

from the definition Pik ¼ D�1
0ik �D�1

ik

� �
we find an equation for P:

Pklðns; r1; r2Þ ¼
n2

s

4p
dkldðr� r0Þ eðijnsj; r1Þ � 1½ �: ð2:15Þ
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This permits us to express the variation of the free energy in terms of e:

dF ¼ dF0 �
T

4p

X1
s¼0

0
Z

n2
sDllðr; r; nsÞ

� �
deðins; rÞdr: ð2:16Þ

It is convenient for further equations to introduce a new function

DE
ikðr; r0; nsÞ ¼ �n2

sDikðr; r0; nsÞ: ð2:17Þ

Function D describes the quadratic fluctuations of the vector potential in the
Matsubara technique. Accordingly, the function DE describes fluctuations of the
electric field. We will also use the function

DH
ikðr; r0; nsÞ ¼ curlilcurl0kmDlmðr; r0; nsÞ ð2:18Þ

describing fluctuations of the magnetic field. Now we can rewrite (2.16) as

dF ¼ dF0 þ
T

4p

X1
s¼0

0
Z

DE
llðr; r; nsÞdeðins; rÞdr: ð2:19Þ

2.3 Stress Tensor of the van der Waals Interaction Inside
an Absorbing Medium

We can use (2.19) to calculate the tensor of van der Waals forces in a fluid. It is
instructive, however, as a first step to compare the equation for a free energy
variation for given sources of field in a dielectric in the absence of dispersion (Ref.
[8], (15.19)):

dF ¼ dF0 �
Z

E2

8p
dedr ð2:20Þ

This equation permits the calculation of the force f and finally to find the stress
tensor (see Ref. [8], (15.9) and (35.2), in the presence of both electric and magnetic
fields we must take the sum of these equations):

rA
ik ¼ �P0dik þ

eEiEk þ HiHk

4p
� E2

8p
e� q

oe
oq

� �
T

� �
dik �

H2

8p
dik: ð2:21Þ

This equation was derived by M. Abraham around 1909 and is one of the most
important results of the electrodynamics of continuous media.

Now we can write the tensor of the van der Waals forces by direct analogy with
(2.21). Indeed, the functions DE

ikðr; r0; nsÞ and DH
ikðr; r0; nsÞ satisfy equations which

are similar to the products EiðrÞEkðr0Þ and HiðrÞHkðr0Þ. The presence of the d-
function term on the right-hand side of (2.14) is not important because this term in
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any case will be eliminated in the course of the renormalization. Thus, the general
expression for the stress tensor for a fluid with l ¼ 1 is [9]:

rik ¼ �P0dik �
�hT

2p

nX1
s¼0

0
�
eDE

ik þ DH
ik �

1
2

DE
ii

h
e� q

� oe
oq

	
T

i
dik �

1
2

DH
ii dik

	o
;

ð2:22Þ

where DE
ik and DH

ik were defined above, e ¼ e q; T; ifnð Þ; fn ¼ 2nT=�h, and P0 q; Tð Þ
is the pressure as a function of density and temperature in the absence of an
electric field.

Equation (2.22) assumes the system to be in thermal, but still not in mechanical
equilibrium. As was said before, the last condition can be formulated as a con-
dition of the constancy of the chemical potential f, which can be defined by the
equation dF ¼

R
fdqdr. The variation must be taken at fixed boundaries of the

bodies. One has from (2.19)

fðq; TÞ ¼ f0ðq; TÞ þ
�hT

4p

X1
s¼0

0DE
llðr; r; nsÞ

oeðins; rÞ
oq

: ð2:23Þ

The condition of mechanical equilibrium means that fðq; TÞ ¼ const. Let the
fluid have uniform density in the absence of the van der Waals forces. Taking into
account that dP0 ¼ qdf0 and neglecting in the second term any change of q due
the van der Waals interaction, we can rewrite the condition of equilibrium as:

P0 þ
�hT

4p

X
s

0DE
iiq

oe
oq

� �
T

¼ const: ð2:24Þ

This equation can be used to calculate the perturbation dq of the density of the
liquid due to the van der Waals forces. Expanding the first term with respect to dq,
we easily find

dq ¼ � �hT

4p

X
s

0DE
iiq

oe
oP

� �
T

: ð2:25Þ

Equation (2.24) implies that a part of the stress tensor (2.22) is constant through
the fluid, being a uniform compressing or expanding pressure. This part can be
omitted in many problems, for example in the calculation of the full force acting
on a body embedded in the fluid. Subtracting the constant tensor

�P0 � �hT
4p

P
n

DE
iiq

oe
oq

� 	
T

� �
dik from (2.22) one arrives to the ‘‘contracted’’ tensor,

which was obtained for the first time in [15] (see also Ref. [16]):

r0ik ¼ �
�hT

2p

X
s

0 eDE
ik þDH

ik �
1
2
eDE

iidik �
1
2
DE

iidik

� �( )
: ð2:26Þ
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I would like to stress that the ‘‘P0’’ term in the tensor (2.22) plays an important
role. Ignoring this term would lead to wrong results. In this connection it is
appropriate to quote Landau and Lifshitz’s remark (see Ref. [8], Sect. 15): ‘‘The
problem of calculating the forces (called pondermotive forces) which act on a
dielectric in an arbitrary non-uniform electric field is fairly complicated…’’

Notice that or0ik=oxk ¼ 0 and hence
H

r0ikdSk ¼ 0 for integration over any closed
surface, surrounding a volume of a uniform fluid, just due to the fact that in
mechanical equilibrium electromagnetic forces are compensated by a pressure
gradient. Analogous integration over any surface surrounding a solid body gives
the total force acting on the body.

Equivalent theories of the force between bodies separated by a liquid were
developed by Barash and Ginzburg [17] and Schwinger, DeRead and Milton [18].
The method of [17] is based on a very interesting and new physical idea. I cannot
discuss it here. Notice only, that the method permits us to calculate forces on the
basis of the solution of the imaginary frequencies ‘‘dispersion relation’’
D�1ðinsÞ ¼ 0, without an actual calculation of D. This results in further simpli-
fication of calculations. The authors of [18] performed the free energy variation
assuming actually the condition of the mechanical equilibrium from the very
beginning and obtained directly (2.26).

2.4 Van der Waals Forces Between Bodies Separated by a Liquid

Now we can calculate the force acting on bodies separated by a dielectric liquid. It
is worth noticing, however, that even for bodies in vacuum the method, based on
using the imaginary-frequencies Green’s functions, involves simpler calculations
than the original Lifshitz method, because the solution of the equation for the
Green’s functions is simpler than the procedure of averaging of the stress tensor.

It was shown in [15] that if the problem has been solved for bodies in a vacuum,
the answer for bodies in liquid can be found by a simple scaling transformation.
Let us denote the dielectric permeability of the liquid as e. If we perform a
coordinate transformation r ¼ ~r=e1=2 and introduce the new functions Dik ¼
~Dik=e1=2 and DE

ik ¼ ~DE
ike

1=2, DH
ik ¼ ~DH

ike
3=2, then

r0ik ¼ �
�hT

2p

X1
s¼0

0e3=2 ~DE
ik þ ~DH

ik �
1
2

~DE
iidik �

1
2

~DE
iidik

� �( )
: ð2:27Þ

One can see easily that the new functions ~Dik satisfy in the new coordinates ~r
equations of the same form (2.14) for bodies in vacuum, while the permeabilities
ea of the bodies were changed to ea=e.

One can usually neglect the influence of the temperature on the forces between
bodies in a liquid. Then one can change T

P1
s¼0
0. . .! �h

2p

R1
0 . . .dns. We will
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consider below only this case. We also will consider only the small ‘‘London’’
distances where the characteristic distance between bodies l� k, where k is the
characteristic wavelength of the absorption spectra of the media. In this case one
can neglect the magnetic Green’s function DH

ik and the electric function can be
presented as DE

ik ¼ �hoio
0
k/, where the ‘‘electrostatic’’ Green’s function / satisfies

[19, 20]

oi½eðin; rÞoi/ðn; r; r0Þ� ¼ �4pdðr� r0Þ: ð2:28Þ

Thus / is just the potential of a unit charge placed at point r0. We will present
here results for two important problems.

2.4.1 Interaction of a Small Sphere with a Plane Body

As a first example we consider a dielectric sphere in the vicinity of a plane surface
of a bulk body. Let the radius R of the sphere be small in comparison with the
distance l between the sphere and the surface. We consider first the problem in
vacuum. Then the energy of interaction can be obtained directly from (2.19),
taking into account that the change of the dielectric permeability due to the
presence of the sphere at point r0 is deðxÞ ¼ 4paðxÞdðr� r0Þ, where aðxÞ is the
polarizability of the sphere. In the zero-temperature London regime we get

VðlÞ ¼ �h

2p

Z1

0

aðinÞ DE
llðn; r; r0Þ

� �
r!r!r0

dn: ð2:29Þ

The ‘‘potential’’ / can be taken from [8], Sect. 7, Problem 1. A simple cal-
culation then gives

DE
llðn; r0; r0Þ ¼ �

�h

2l3

e1ðinÞ � 1
e1ðinÞ þ 1

: ð2:30Þ

Taking into account that

aðinÞ ¼ R3 e2ðinÞ � 1
e2ðinÞ þ 2

; ð2:31Þ

we find

VðlÞ ¼ � �hR3

4pl3

Z1

0

ðe2ðinÞ � 1Þðe1ðinÞ � 1Þ
ðe2ðinÞ þ 2Þðe1ðinÞ þ 1Þ dn: ð2:32Þ

The force acting on the sphere is

FðlÞ ¼ � dV

dl
¼ � 3�hR3

4pl4

Z1

0

ðe2ðinÞ � 1Þðe1ðinÞ � 1Þ
ðe2ðinÞ þ 2Þðe1ðinÞ þ 1Þ dn: ð2:33Þ
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One must be careful when rewriting this equation for a case of bodies separated
by liquid. The transformation was formulated for the tensor r0. Taking into
account that F ¼

R
r0zzdxdy, we conclude that it is enough to change e1 ! e1=e and

e2 ! e2=e:

FðlÞ ¼ 3�hR3

4pl4

Z1

0

ðe2ðinÞ � eðinÞÞðe1ðinÞ � eðinÞÞ
ðe2ðinÞ þ eðinÞÞðe1ðinÞ þ eðinÞÞ dn: ð2:34Þ

2.4.2 Interaction Between Two Parallel Plates

Let us consider now the force between solid bodies 1 and 2 separated by very
small distances. It should be noted that, for a rigorous statement of the problem, it
is necessary to consider at least one of the bodies as being of finite size and
surrounded by the liquid. Then Fi ¼

H
r0ikdSk is the total force acting on the body.

However, since the van der Waals forces decrease very quickly with distance, the
integrand is actually different from zero only inside the gap and the force can be
calculated as F ¼ Fz ¼

R
r0zzdxdy. Notice that, due to (2.10), the quantity r0zz does

not depend on z. Finally the force per unit area can be expressed as [15]

F ¼ �h

16pl3

Z1

0

Z1

0

x2 ðe1 þ eÞðe2 þ eÞ
ðe1 � eÞðe1 � eÞ e

x � 1

� �
dxdn ð2:35Þ

where the dielectric permeabilities must be taken as functions of the imaginary
frequency in.

2.5 Remarks about Repulsive Interactions

It is well known that forces between bodies in vacuum are attractive. In the cases
considered in the previous section it is obvious, because for any body eðinÞ[ 1 for
n[ 0. It also follows from (2.34) and (2.35) that forces are attractive for bodies of
the same media (e1 ¼ e2).

If, however, the bodies are different, the force can be either attractive or
repulsive. It is clear from (2.34) and (2.35) that if the differences e1 � e and e2 � e
have different signs in the essential region of values n, we have F\0, that is, the
bodies repel one another.

To understand better the physical meaning of this repulsion, let us consider the
problem of the body-sphere interaction and assume that the materials of both the
sphere and the liquid (but not the body) are optically rarefied, i.e., that e2 � 1� 1
and e� 1� 1. Then (2.34) can be simplified as
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FðlÞ � 3�hR3

8pl4

Z1

0

ðe2ðinÞ � 1Þ
ðe2ðinÞ þ 1Þ ðe1ðinÞ � eðinÞÞdn: ð2:36Þ

The force is now expressed as a difference of two terms, with clear physical
meaning. The first term is the force that acts on the sphere in vacuum. The second
term is the force that would act in vacuum on an identical sphere, but with optical
properties of the liquid. This second term is an exact analogy of the Archimedes’
buoyant force, which acts on a body embedded in a liquid in a gravitational field.
This remark again stresses the importance of the condition of the mechanical
equilibrium in the liquid. Of course, such a simple interpretation is possible only in
the limit of rarefied media.

The existence of the repulsive van der Waals forces, predicted in [15] was
confirmed in several experiments (see [21, 22] and references therein). See also the
Chap. 8 by Capasso et al. in this volume. Corresponding experiments are, how-
ever, quite difficult. Forces at large distances are quite small, while at small
distances the atomic structure of the media becomes essential.

2.6 Liquid Films

The van der Waals forces play an important part in the physics of surface phe-
nomena, and in the properties of thin films in particular. A fundamental problem
here is the dependence of the chemical potential f on the thickness d of a film. For
example, the thickness of a film on a solid surface in equilibrium with the vapour
at pressure P is given by the equation

fðP; dÞ ¼ f0ðPÞ þ
T

m
ln

P

Psat
: ð2:37Þ

If the thickness d of the film is large compared to interatomic distances, this
dependence is defined mainly by the van der Waals forces. Actually the contri-
bution of these forces to the chemical potential is given by the general (2.23).
However, this equation cannot be used directly, because it gives the chemical
potential f in terms of the density q, while (2.37) requires f as a function of the
pressure P.

According to the conditions of mechanical equilibrium, the normal component
rzz of the stress tensor must be continuous at the surface of the film:
�P0ðq; TÞ þ rðelmÞ

zz ¼ �P. Then qðP0Þ ¼ qðPþ rðelmÞ
zz Þ � qðPÞ þ ðoqÞ=oPÞrðelmÞ

zz

and f0ðqÞ � f0ðPÞ þ ðof=oqÞðoq=oPÞrðelmÞ
zz ¼ f0ðPÞ þ rðelmÞ

zz =q, where we took
into account that ðof=oqÞ ¼ 1=q. Thus we have

fðP; dÞ ¼ f0ðPÞ þ rðelmÞ
zz =qþ �hT

4p

X1
s¼0

0DE
llðr; r; nsÞ

oeðins; rÞ
oq

¼ f0ðPÞ þ r0zz=q ¼ f0ðPÞ þ FðdÞ=q; ð2:38Þ

2 On the Problem of van der Waals Forces in Dielectric Media 35

http://dx.doi.org/10.1007/978-3-642-20288-9_8


where F(d) is the force, which in the London regime is given by (2.35) with
e2 ¼ 1; l! d. (As far as electromagnetic properties of the vapour are concerned,
we can treat it as a vacuum.) One can now rewrite (2.37) in the form

FðdÞ ¼ � T

m
ln

P

Psat
: ð2:39Þ

If the film is placed on a solid wall situated vertically in the gravitational field,
the dependence of the film thickness on the altitude is given by the equation

FðdÞ ¼ qgx; ð2:40Þ

where x is the height.
In conclusion, let us consider a ‘‘free’’ film in vacuum. Then the chemical

potential can be written as

fðP; T; dÞ ¼ f0ðP; TÞ þ FðdÞ=q ð2:41Þ

where F can be obtained from (2.35) with e1 ¼ e2 ¼ 1; l! d:

F ¼ �h

16pd3

Z1

0

Z1

0

x2 ð1þ eÞ2

ð1� eÞ2
ex � 1

" #
dxdn: ð2:42Þ

Note that this is just the quantity which can be calculated by integration of the
force in the three-boundary geometry of Fig. 2.1 However, these calculations have
never been performed, and the correctness of the corresponding considerations has
not been proved [23].
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